Let G be a nonabelian finite group and let d be an irreducible character degree of G. Then there is a positive integer e so that jGj D d.d C e/. Snyder has shown that if e > 1, then jGj is bounded by a function of e. This bound has been improved by Isaacs and by Durfee and Jensen. In this paper we will show, for groups having a nontrivial, abelian normal subgroup, that jGj Ä e 4 e 3 . Given that there are a number of solvable groups that meet this bound, it is best possible. Our work makes use of results regarding Camina pairs, Gagola characters, and Suzuki 2-groups.
Introduction
Throughout this note, G will be a finite nonabelian group. We write d for the degree of some nonlinear irreducible character degree of G. Our results are true for any choice of d , but they are most interesting when d is the maximal irreducible character degree of G, so it is little loss if the reader wishes to make that assumption.
We know that d divides jGj, so there is an integer e so that jGj D d.d C e/. Since d 2 < jGj (as G is nonabelian), we know that e is a positive integer. Berkovich has shown that e D 1 if and only if G is a 2-transitive Frobenius group (see [1, Theorem 7] ). It is well known that there are 2-transitive Frobenius groups of arbitrarily large order, and so, d may be arbitrarily large. In this note, we will focus on the case when e > 1. Under the hypothesis that e > 1, Snyder has proved in [23] that jGj Ä ..2e/Š/ 2 . He also showed that if e D 2, then jGj Ä 8 and if e D 3, then jGj Ä 54, and in both of these cases, there exist examples of these orders; hence, the bounds given are best possible for e D 2 and 3.
Isaacs has shown that jGj Ä Be 6 for some universal constant B and in many cases that jGj Ä e 6 C e 4 (see [14] ). Finally, Durfee and Jensen have proved in [6] (without using the classification of nonabelian simple groups) that jGj Ä e 6 e 4 .
When G is solvable and either e is a prime or e is divisible by at least two distinct primes, they prove that jGj Ä e 4 e 3 . Hence, the only time it is possible that G is solvable and jGj > e 4 e 3 is when e is a prime power that is not prime. Notice that when e D 2 and e D 3, the expression e 4 e 3 yields the bound found by Snyder. Isaacs also shows that there exists a (solvable) group G for every prime power q of order q 3 .q 1/ where d D q.q 1/. It is easy to compute that e D q, so d D e 2 e and jGj D e 4 e 3 . On the other hand, there are no known groups G where jGj > e 4 e 3 , so it seems likely that jGj Ä e 4 e 3 is the correct bound. In this paper, we prove this bound for groups with a nontrivial, abelian normal subgroup.
Theorem 1. 1 . Let G be a group with a nontrivial, abelian normal subgroup, and let d and e be defined as above. If e > 1, then d Ä e 2 e and jGj Ä e 4 e 3 .
Since all solvable groups have a nontrivial, abelian normal subgroup, we obtain the bound for solvable groups.
Corollary 1.2. Let G be a solvable group, and let d and e be defined as above.
If e > 1, then jGj Ä e 4 e 3 .
We also are able to make use of the results of Durfee and Jensen to improve the bound for all groups. Corollary 1. 3 . Let G be a group with d and e defined as above. If e > 1, then d < e 2 and jGj < e 4 C e 3 .
At this time, it is still an open question as to whether there exists any groups where e 4 e 3 < jGj < e 4 C e 3 . We do not have any examples of such groups, but we also have not been able to prove that such a group cannot exist. By Theorem 1.1, we know that if such a group does exist, then all the normal subgroups of G must be nonabelian. An important subcase, which we believe is still open is whether the bound jGj Ä e 4 e 3 can be proved when G is a simple group.
Like [6, 14, 23] , we consider groups first studied by Gagola. Gagola studied groups that have an irreducible character that vanishes on all but two conjugacy classes. We will say that is a Gagola character. Gagola proved that such Gagola characters are unique. Furthermore, he proved that G has a unique minimal normal subgroup N and that N is an elementary abelian p-group for some prime p. Furthermore, if 2 Irr.N / is nonprincipal, then Irr.G j / D ¹ º.
We say .G; N / is a p-Gagola pair if G has a Gagola character and N is the unique minimal normal subgroup of G, is proper in G, and is a p-group. Note that if G is a 2-transitive Frobenius group with Frobenius kernel N , then G will have a Gagola character. We have seen that e D 1 if and only if G is a 2-transitive Frobenius group. Therefore, if .G; N / is a Gagola pair that is not a 2-transitive Frobenius group, then we necessarily have e > 1. The main result of this paper is the following theorem. Theorem 1. 4 . Let .G; N / be a p-Gagola pair for some prime p so that G is not a 2-transitive Frobenius group with Frobenius kernel N , and let d and e be defined as above for G where d is the degree of the Gagola character. Then d Ä e 2 e. Furthermore, if P is a Sylow p-subgroup of G, then jN j 2 Ä jP W N j.
The proof of Theorem 1.4 splits into three cases: when p is odd, when p D 2 and G is solvable, and when p D 2 and G is nonsolvable. We have to work the hardest to prove the result when p D 2 and G is solvable. In particular, when p D 2 and G is solvable, we need to study in detail Suzuki 2-groups, and we compute the full automorphism group of a Suzuki 2-group, which to our knowledge has not been published before . We also mention that a couple of variations on this problem have been studied by graduate students. In her Ph.D. dissertation [5] , Christiana Durfee considered a "relative" version of this problem: let G be a group and let N be a normal subgroup. Let d be the largest integer so that d D .1/=Â.1/ for characters Â 2 Irr.N / and 2 Irr.G jÂ/, and set e so that jG W N j D d.d C e/. Among other things, she proves when G is solvable that there is no bound for jG W N j in terms of e even when e > 1. In his master's thesis [8] , Anthony Harrison considers the analogous problem for conjugacy classes. Let C be a conjugacy class of G so that jC j is maximal. Define the real numbers d and e so that d 2 D jC j and jGj D d.d C e/. Note that in this context d and e are not necessarily integers; they may be irrational. Among other results, Mr. Harrison proves that jGj Ä 2e 2 . We believe that both Professor Durfee and Mr. Harrison are preparing papers for publication that include their results.
Gagola pairs
We first use the results in [6] to reduce the initial question to a question regarding Gagola pairs. Let G be a finite group, and let d and e be defined as above. Since jGj D d.d C e/, to prove jGj Ä e 4 e 3 it suffices to prove that d Ä e 2 e and to prove jGj Ä e 4 C e 3 , it suffices to prove that d Ä e 2 . In order to show that d Ä e 2 , we need to introduce some terminology from [6] . If ; 2 Irr.G/, then we say dominates if D .1/ . Note that since solvable groups have a nontrivial, abelian normal subgroup, this next lemma applies when G is solvable.
Lemma 2. 1 . If G has a nontrivial, abelian normal subgroup and if e > 1 and d e 2 e where d and e are defined as above, then G has a Gagola character with .1/ D d . Proof . We may apply [6, Theorem 5.2 ] to see that G has a character 2 Irr.G/ which dominates all the other irreducible characters of G and by [6, Lemma 2.1], we have .1/ D d . By [6, Lemma 4.2] , we know that G has a minimal normal subgroup N such that vanishes off of N and G acts transitively on N n ¹1º. This implies that vanishes on all but two conjugacy classes of G, and so is a Gagola character.
We now prove that Theorem 1.1 is a corollary to Theorem 1. 4 . We note that in [7, Theorem 6.2], Gagola proves when .G; N / is a p-Gagola pair that N is a Sylow p-subgroup of G if and only if .G; N / is a 2-transitive Frobenius group with Frobenius kernel N . Thus, the assumption G is a not a 2-transitive Frobenius group with Frobenius kernel N implies that p divides jG W N j.
Proof of Theorem 1.1 (assuming Theorem 1.4). We first show that d Ä e 2 e. We suppose that d > e 2 e. We see that d > e 2 e D e.e 1/ > 1, so G is nonabelian. By Lemma 2.1, we know since G has a nontrivial, abelian normal subgroup that it has a Gagola character. Hence, there is a normal, abelian p-subgroup N so that .G; N / is a p-Gagola pair. Since e > 1, we know that G is not a 2-transitive Frobenius group. Thus, we may apply Theorem 1.4 , to see that d Ä e 2 e. We then obtain the inequality jGj Ä .e 2 e/..e 2 e/ C e/ D .e 2 e/e 2 D e 4 e 3 ;
as desired
With this, we can use the results of Durfee and Jensen to prove Corollary 1.3 using Theorem 1.4.
Proof of Corollary 1.3 (assuming Theorem 1.4). Suppose d e 2 . Since e > 1, this implies that G is nonabelian. In [6, Corollary 3.4], Durfee and Jensen prove that there is a character 2 Irr.G/ that dominates all the other characters in Irr.G/. We then use [6, Lemma 4.1] to see that G has a normal, abelian p-subgroup N for some prime p so that .G; N / is a Gagola pair. Also, since e > 1, we know that G is not a 2-transitive Frobenius group. We then apply Theorem 1.4 to see that d Ä e 2 e. This contradicts d e 2 . Therefore, we conclude that d < e 2 and jGj < e 2 .e 2 C e/ D e 4 C e 3 .
Therefore, for the rest of this paper, we will be concerned with proving Theorem 1. 4 . When we have a Gagola pair, we can compute d and e in terms of a Sylow p-subgroup of G. Following [12, Problem 6.3], we say when N is a normal subgroup of G and we have characters 2 Irr.G/ and Â 2 Irr.N / that and Â are fully ramified with respect to G=N if N D eÂ with e 2 D jG W N j.
Lemma 2.2. Let .G; N / be a p-Gagola pair let d and e be defined as above for G where d is the degree of the Gagola character, and let P be a Sylow p-subgroup of G. Then e 2 D jP W N j and d D e.jN j 1/.
Proof. Let 2 Irr.G/ be the Gagola character for G. Let 2 Irr.N / be a constituent of N . By [7, Corollary 2.3], we may choose so that P is the stabilizer of , and it is shown in that lemma that is fully ramified with respect to P =N . As we have seen, this implies that jP W N j is a square; so let b be the integer so that b 2 D jP W N j. We have .1/ D bjG W P j. By [7, Corollary 2.3], we know that P is a point stabilizer in the action of G on N n ¹1º, and from [7, Lemma 2.1], we know that G acts transitively on N n ¹1º. By the Fundamental Counting Principle (see [13, Theorem 1.4 ]), we have jG W P j D jN j 1, and so, d D .1/ D b.jN j 1/.
We now need to show that b D e. We have
Dividing by d , we obtain
We next prove that the first conclusion of Theorem 1.4 is a consequence of the second conclusion. Thus, to prove Theorem 1.4, it suffices to prove only the second conclusion that jP W N j jN j 2 .
Corollary 2. 3 . Let .G; N / be a p-Gagola pair, let d and e be as defined above for G where d is the degree of the Gagola character, and let P be a Sylow p-subgroup of G. If jP W N j jN j 2 , then d Ä e 2 e. Proof. By Lemma 2.2, we have d D e.jN j 1/ and e 2 D jP W N j. Assuming jN j 2 Ä jP W N j implies that jN j 2 Ä e 2 , and so, jN j Ä e. This yields the inequality d Ä e.e 1/ D e 2 e, as desired.
It turns out that Gagola pairs are examples of a more general construction that has been studied with some depth, and at one point, we will need to consider this more general setting. Let G be a group with a normal subgroup N with the property that 1 < N < G. We say that .G; N / is a Camina pair if and only if jC G .x/j D jC G=N We will need only two results from the theory of Camina pairs, and we will only need to use them once in the case when p D 2, but we state them in their full generality. Recall that a group is p-closed if it has a normal Sylow p-subgroup. The first is [4, Lemma 4.2] . Note since we are assuming G is p-closed that O p .G/ is the Sylow p-subgroup of G. This next lemma says that if we have a Camina pair where the normal subgroup is a p-group and the larger group is p-closed, then the Sylow p-subgroup also forms a Camina pair with the normal subgroup.
There are examples that show that this does not necessarily occur when the group is not p-closed. Notice in Lemma 2.4 that it is not possible that .O p .G/; N / is a Gagola pair unless jN j D 2 since if it were a Gagola pair, then jN j 1 would divide jO p .G/j. This next result will be applied to the pair .O p .G/; N / from Lemma 2. 4 . We state it in terms of a Camina pair where G is a p-group and G=N is abelian.
Lemma 2.5. If .G; N / is a Camina pair where G is a p-group for some prime p and G=N is abelian, then jG W N j jN j 2 .
Proof. Since G=N is abelian, we have G 0 Ä N . On the other hand, because .G; N / is a Camina pair, we know that every element in N lies in G 0 , so G 0 D N . Under this hypothesis, it is proved in [20, Theorem 3.2 
This next result should be compared with [7, Theorem 6.2]. In particular, we generalize a result regarding Gagola pairs to Camina pairs. However, even for Gagola pairs, our result here is stronger than [7, Theorem 6.2]. We will apply this result when .G; N / is a Gagola pair.
Lemma 2. 6 3.2] , this implies that G is a Frobenius group with Frobenius kernel N , a contradiction. Therefore, N < OEO p .G/; H .
To see that
The following lemma considers the case when we have a "large" normal abelian subgroup. If in addition, jN j Ä jM W N j, then jN j 2 Ä jP W N j.
Proof. Let 2 Irr.N / with ¤ 1 N . By [7, Corollary 2.3], we know that is fully ramified with respect to P =N . In [12, Problem 6.3], one shows that being fully ramified with respect to P =N implies that P has a unique irreducible constituent . This implies that all the irreducible constituents of M are constituents of M . It follows that P =M must act transitively on the set Irr.M j /. We conclude that jP W M j jIrr.M j /j D jM W N j: If jM W N j jN j, then jP W N j jN j 2 , and the result is proved.
The case: p odd
In this section, we will prove Theorem 1.4 when p is odd. We begin with two results that apply both when p is odd and when p D 2. This first result of this section is suggested by [7, Theorem 2.4] and [17, Theorem B] .
When V is an elementary abelian p-group, we define .V / to be the semi-linear group as defined in [21, Chapter 2]. We view V as the additive group of some finite field F . In particular, D .V / is the semi-direct product of S acting on o .V / where o .V / is isomorphic to the multiplicative group of F and S is isomorphic to the Galois group of F over Z p . If jV j D p n , then j o .V /j D p n 1 and jS j D n.
If p is a prime, then recall that the group G is p-closed if G has a normal Sylow p-subgroup. If n is a positive integer and p is a prime, then we write n p for the largest power of p that divides n. If G is a group and P is a Sylow p-subgroup of G, then jP j D jGj p . (2) p D 3, jN j D 9, and G=O 3 .G/ is isomorphic to SL 2 .3/. ) Thus, we may assume that G=O p .G/ Ä .N /. Using the notation from [21] , we know that .N / has a normal cyclic subgroup o .N / whose order is jN j 1. Because N is a p-group, we havejN j D p n for some integer n > 0. Since p divides jG W O p .G/j and p does not divide j o .N /j D p n 1, we conclude that p divides j.N / W o .N /j D n, and thus, n D ap for some positive integer a as desired. Since .N /= o .N / is cyclic, we see that G=O p .G/ has a normal p-complement.
We consider the case where jN j is "small." In particular, we prove Theorem 1.4 when jN j Ä p 2 . Proof. In [7, Theorem 6.2], it is proved when G is not a 2-transitive Frobenius group that N < O p .G/, that N Ä Z.O p .G//, and that jG W N j p is a square. Consider an element x 2 O p .G/ n N , and fix the set
We know that D.x/=N D C G=N .xN /, and since .G; N / is a Gagola pair, we have jD.x/ W N j D jC G .x/j (see [7, Theorem 2.5] ). This implies that
Since xN will have nontrivial p-power order, we conclude that jG W N j p > jN j.
If jN j D p, then jG W N j p p 2 D jN j 2 . If jN j D p 2 , then jG W N j p p 3 . Since we know that jG W N j p is square, this implies that jG W N j p p 4 D jN j 2 . This proves the lemma.
Let n and a be positive integers. We say that the prime q is a Zsigmondy prime for n a 1 if q divides n a 1 and q does not divide n b 1 for any positive integer b < a. The Zsigmondy Prime Theorem states that a Zsigmondy prime exists for positive integers n and a except when n is a Mersenne prime (i.e., n is prime and n C 1 is a power of 2) and a D 2 and when n D 2 and a D 6. (See [10, Theorem IX. 8 
.3].)
Let p be a prime greater than 3. We know that p 2 is congruent to 1 modulo 3, so 3 divides p 2 1. This implies the following fact. If p is prime, n is a positive integer, and 3 is a Zsigmondy prime divisor of p n 1, then n Ä 2.
We next have a lemma about p-groups of nilpotence class 3 having an automorphism of order 2. We thank the referee for the following simplified version of this next lemma and its proof. Lemma 3. 3 . Let be an automorphism of order 2 of an odd p-group P , and suppose that inverts the elements of P =P 0 . Let N D OEP 0 ; P and assume that N Ä Z.P /. Then the following are true:
(2) inverts the elements of N .
(3) Every coset of P 0 in P contains elements inverted by .
(4) If y 2 P is inverted by and C D C P .y/, then P 0 C =N is the full centralizer of Ny in P =N .
Proof. This proof is based on the following elementary fact: if the commutator OEx; y is central in G, then OEx 1 ; y D OEx; y 1 D OEx; y 1 , and thus,
To prove (1), we can replace P by P =N and assume that P 0 is central. Now, we have OEx; y D OEx ; y D OEx 1 u; y 1 v D OEx 1 ; y 1 D OEx; y where u and v are elements of P 0 . Since P 0 is generated by elements fixed by , all of elements are fixed by .
To prove (2), let x 2 P and y 2 P 0 . Then we have
where u 2 P 0 and v 2 N . (Note that P 0 is abelian, so U centralizes y, and of course, v centralizes x 1 .) Thus, N is generated by elements inverted by , and since N is abelian, (2) follows.
For (3), let x 2 P ; we need to show that P 0 x contains some element inverted by . Set X D hP; xi. Since P 0 =N is central and X=P 0 is cyclic, we see that the group X=N is abelian. Also, centralizes P 0 =N and inverts X=P 0 . It follows that
Since also inverts N , it has no fixed points in Y , and hence, it inverts Y . Thus, x D uy for some elements u 2 P 0 and y 2 Y , so that inverts y. Note that y is an element in P 0 x inverted by , proving (3).
Finally, for (4), suppose that Nd centralizes Ny in P =N . We want to prove that d 2 P 0 C . By (3), we can write d D uz where u 2 P 0 and inverts z. We will show that z 2 C . Since N u centralizes Ny, we see that N z centralizes Ny. Thus, we have OEz; y 2 N . We then compute OEz; y 1 D OEz; y D OEz 1 ; y 1 D OEz; y;
which yields OEz; y 2 D 1. Since P has odd order, this implies that OEz; y D 1, and we conclude that z 2 C . This next theorem proves Theorem 1.4 under the hypothesis that p is an odd prime. For nonsolvable groups, we apply a result that is found in [7] which relied on the classification of finite simple groups. Thus, the nonsolvable case of this result also relies on the classification of finite simple groups. On the other hand, if one assumes solvability, then the classification is not needed.
Frobenius group with Frobenius kernel N and p is odd, then jN j 2 Ä jG W N j p .
Proof. By Lemma 3.2, we may assume that jN j D p a where a 3. We claim that it suffices to find a normal p-subgroup M and a subgroup Y of order 2 so that OEM 0 ; M Ä N Ä M 0 , jM W M 0 j jN j, and the action of Y on M=M 0 is fixed point free. We know that Y N is a Frobenius group by [4, Lemma 4.3] .
It follows that YM is a Frobenius group. We conclude that M is abelian which is a contradiction. Thus, we may assume that N < M 0 . Since OEM 0 ; M Ä N and N is central in M (see [7, p. 367] ), this implies that M has nilpotence class 3.
We
Hence, we may apply Lemma 3. 3 . By that result, we can find an element x 2 M n M 0 so that
We now compute
We know that
This implies that
x/ \ M 0 , and so, we obtain the desired result.
Since a 3 and p is odd, we know that jN j 1 D p a 1 has a Zsigmondy prime divisor q. Because 2 divides p 1, we see that q ¤ 2. If p D 3, then q ¤ 3, and we noted before the proof that if p > 3, then q ¤ 3. Therefore, q > 3.
We work to find such subgroups M and Y . Suppose first that G is solvable. Let H be a Hall p-complement of G. We know from [4, Lemma 4.3 ] that NH is a 2-transitive Frobenius group. Since a 3, we may apply Huppert's theorem ( [22, Proposition 19.10] or [21, Theorem 6.9]) to see that H is isomorphic to a subgroup of .N /, and so, H has a normal subgroup K of order q. We claim that O p .G/K is normal in G. If G is p-closed, then this is immediate. If G is not p-closed, then since q > 3 divides jG W N j, we are in case (1) of Lemma 3. 1. In particular, G=O p .G/ Ä .N /, and thus, O p .G/K is normal in G.
We define M D OEO p .G/; K, and we may use Lemma 2.6 to see that M is normal in G and N < M . Notice that the action of K on M=M 0 is fixed point free by Fitting's theorem. If M 0 D 1, then the action of K on M=N is fixed point free, and since jKj D q is a Zsigmondy prime divisor of p a 1, we have jM W N j p a D jN j. And by Lemma 2.7, we have the result. Thus, we may assume that M 0 > 1, and since N is the unique minimal normal subgroup of G,
If M=M 0 is not irreducible under the action of K, then jM W M 0 j p 2n , and the result follows. Thus, we may assume that M=M 0 is irreducible under the action of K.
Since p is odd, 2 divides jH j. Let Y Ä H be a subgroup of order 2. We know that Y is normal in H since a Frobenius complement has at most one subgroup of order 2.
and this is a contradiction since the action of Y on N is fixed point free. Thus, C M .Y / Ä M 0 , and the action of Y on M=M 0 is fixed point free.
If K acts nontrivially on M 0 =N , then we will have jM 0 W N j jN j, and the result will follow since jM W N j jN j 2 . Thus, we may assume that K centralizes M 0 =N . It follows that OEM 0 ; K Ä N . Then OEM 0 ; K; M Ä OEN; M D 1 since N Ä Z.M /, and OEM; M 0 ; K Ä OEM 0 ; K D N . By the Three Subgroups Lemma (see [13, Lemma 4.9] ), this implies that OEK; M; M 0 Ä N , and since M D OEK; M , we conclude that OEM; M 0 Ä N . We now have the desired subgroups M and Y , and the result follows when G is solvable.
We now have G is not solvable and jN j D p a where a > 2. Again, we need to find subgroups M and Y as above. In this case, we may apply [7, Theorem 5.6 ] to see that either p is any odd prime and G=O p .G/ has a normal subgroup isomorphic to SL.2; p b / whose quotient is a p-group or p D 3 and G=O p .G/ has a normal subgroup isomorphic to SL.2; 5/ of index 2 or is isomorphic to SL.2; 13/. In all of these cases, G=O p .G/ has a unique minimal normal subgroup L=O p .G/ which is of order 2. Taking Y to be a subgroup of order 2 in L, we have that the subgroup L D O p .G/Y is normal in G. We now take M D OEO p .G/; Y , and again, we apply Lemma 2.6 to see that N < M and M is normal in G. By Fitting's theorem, we see that the action of Y on M=M 0 is fixed point free.
Recall that q is a Zsigmondy prime divisor of p a 1, so q divides jGj and not jLj. Let K be a subgroup of order q in G. Since K is not contained in L and hence not in C , we see that K acts nontrivially on M=N . We deduce that M OEM; KN > N . Thus, there exists a subgroup U that is K-invariant so that N Ä U < OEM; KN and OEM; KN=U is irreducible under the action of K. Observe that K acts fixed point freely on OEM; KN=U . Since q is a Zsigmondy prime divisor of p a 1, this implies that
If M 0 D 1, then we obtain the result by Lemma 2. 7 . Thus, we may assume that M 0 > 1. By the uniqueness of N , this implies M 0 N . If K acts trivially on M=M 0 , then
and so, M=N D C M=N .K/. Since K acts nontrivially on M=N , this implies that K acts nontrivially on M=M 0 . Thus, we have that OEM; KM 0 > M 0 and as in the previous paragraph, we obtain jM W M 0 j jOEM; KM 0 W M 0 j jN j. If K acts nontrivially on M 0 =N , then a similar argument yields jM 0 W N j jN j, and we obtain jM W N j D jM W M 0 jjM 0 W N j jN jjN j D jN j 2 . Thus, we may assume that K centralizes M 0 =N . Let D=N D C S=N .M 0 =N /, and observe that D is normal in G. We have just shown that K Ä D. This implies that DO p .G/ > O p .G/, and since L=O p .G/ is the unique minimal normal subgroup of S=O p .G/, we deduce that L Ä D. We further deduce that L cen-
By the Three Subgroups Lemma (see [13, We are now left with the case that N is a 2-group. We break up the case when p D 2 into two subcases: G is solvable and G is not solvable. In this section, we deal with the nonsolvable case. These first several lemmas do not require G to be nonsolvable. Proof. Let C be a Hall 2-complement of M (such a complement exists by the Schur-Zassenhaus Theorem), so that M D CN . Since C is a Hall subgroup of M , we can apply the Frattini argument to see that
and jC j has odd order, we conclude that this involution is not in M .
The following fact is essentially the heart of the proof when p D 2 of the proof of [14, Theorem 5.1]. On the other hand, N is a 2-group, M=N has odd order, and K=M has even order. By [4, Lemma 4.3], we know that M D N hci is a Frobenius group, so C N .M=N / D C N .c/ D 1. Thus, we may use Lemma 4.1 to deduce that K n M must contain an involution s. Since T is a Sylow 2-subgroup of K, we see that s is conjugate to some element of T , and as N is normal and contained in M , we conclude that s must be conjugate to some element of T n N . This is a contradiction as we have seen that the set T n N contains no involutions.
We also have the following observation which appears in our paper [19] . This fact will be also be used in the solvable case. Notice that this yields Theorem 1.4 when p D 2 and O 2 .G/=N is not elementary abelian. 
Consider an element y 2 D.x/. Then OEx; y 2 N . We observe that OEx 2 ; y D OEx; y x OEx; y, and since N is central in O 2 .G/, we have OEx; y x D OEx; y. Thus, OEx 2 ; y D OEx; y 2 , and since N is elementary abelian, we conclude that OEx; y 2 D 1. It follows that
This proves the result when the quotient O 2 .G/=N does not have exponent 2.
We next have a consequence of the Binomial Theorem. We would not be surprised if this is known.
Lemma 4. 4 . Let a be a nonnegative integer. Then 2 3 a Á 1 .mod 3 aC1 / and 2 3 a 6 Á 1 .mod 3 aC2 /.
Proof. We work by induction on a. Notice that 2 3 0 D 2 1 D 2 Á 1 .mod 3 0C1 / and 2 6 Á 1 .mod 3 1C1 /. This proves the base case.
We now prove the inductive step. Suppose for some nonnegative integer a, we have 2 3 a Á 1 .mod 3 aC1 / and 2 3 a 6 Á 1 .mod 3 aC2 /. This implies that
where b is an integer that is not divisible by 3. Cubing, we obtain
Using the Binomial Theorem, we obtain
It follows that 2 3 aC1 Á 1 .mod 3 aC2 /. Since 3 does not divide b, we see that 3 does not divide c, and so,
This proves the inductive step, and hence, the lemma is proved.
We make use of the following corollary.
Corollary 4. 5 . Suppose that n 3 D 3 a for some nonnegative integer a. Then one has 2 n Á . 1/ n .mod 3 aC1 /. In particular, ..2 n 1/.
Proof. Write b for the integer so that n D 3 a b, and note that 3 does not divide b.
Observe that b is even or odd exactly when n is even or odd. This gives the first conclusion.
Observe that 2 n 1 and 2 n C 1 are relatively prime. Thus, 3 only divides one of these two integers. Suppose first that n is odd. Then
by using the fact from Lemma 4.4 that 3 a Á 1 .mod 3/. We know 3 does not divide b; so 3 does not divide c. This yields .2 n C 1/ 3 D .2 3 a C 1/ 3 , and applying Lemma 4.4 again, we have that 3 aC1 divides 2 n C 1 and 3 aC2 does not divide 2 n C 1, so .2 n C 1/ 3 D 3 aC1 . This gives the result when n is odd.
If n is even, then n D 2m where m is an integer satisfying m 3 D n 3 . Working by induction on n, we have .2 n 1/ 3 D ..2 m 1/.2 m C 1// 3 D 3 aC1 , and this proves the result when n is even.
We now get an application to the 3-part of the order of SL 2 .2 n /.
Corollary 4. 6 . Suppose that n 3 D 3 a . Then jSL 2 .2 n /j 3 D 3 aC1 .
Proof. We know that jSL 2 .2 n /j D .2 n 1/2 n .2 n C 1/. This now follows immediately from Corollary 4. 5 .
We next study the character arising from the natural module for SL 2 .2 n / and its restriction to a Sylow 3-subgroup. Recall that the natural module for SL 2 .2 n / is an elementary abelian 2-group of order 2 2n . Hence, it has dimension 2 as a vector space for the field of order 2 n and dimension 2n as a vector space for the field of order 2. We would like to thank the referee for simplifying our proof of this lemma. For information about characters over a field whose characteristic is not 0, the reader should refer to [12, Chapter 9] . Lemma 4. 7 . Suppose that V is the natural module for S D SL 2 .2 n / over the field F D GF.2 n /, and let ' be the character of S afforded by V . If P is a Sylow 3-subgroup of S, then ' P D C 1 where is a faithful character of P (over the algebraic closure of F ).
Proof. Since ' has degree 2, its restriction to the 3-group P cannot be absolutely irreducible, so it must be the sum of two linear characters. On the other hand, ' has determinant 1, so the product of the two linear characters must be the principal character. Thus, ' P D C 1 for some linear character of P . Since ' is faithful, it follows that is faithful.
The next result contains one of the main pieces of our argument. In particular, we get a restriction on the dimensions of irreducible modules of SL 2 .2 n / over Z 2 .
Lemma 4. 8 . If V is an irreducible module for SL 2 .2 n / over the field Z 2 and if dim Z 2 .V / < 4n, then dim Z 2 .V / is either 1, 2n, or 8n=3, and 8n=3 occurs only when 3 divides n. Furthermore, if dim Z 2 .V / D 8n=3 and P is a Sylow 3-subgroup of SL 2 .2 n /, then C V .P / D 0.
Proof. Let F be the field with 2 n elements. Let C be the Galois group for F=Z 2 , so C is cyclic of order n. Let W be the natural module for G D SL 2 .2 n /. We know, viewed as a module for G over F , that W has dimension 2. (Viewed as a module over Z 2 , it follows that W has dimension 2n.) Let ' be the F -character of G afforded by W . By the Brauer-Nesbitt theorem [2], we know that every absolutely irreducible character for G has the form ' S D Q 2S ' where S is a subset of C . Notice that this implies that F will be the splitting field for G.
We now write for the character afforded by V F . By [12, Theorem 9.21], we know that is a sum of Galois conjugates of an irreducible F -character whose multiplicity is 1. Fix the subset S of C so that ' S is an irreducible F -constituent of . We see that will be the sum of the Galois conjugates of ' S .
Notice that if S is empty, then D S D 1, and we conclude that the dimension of V is 1. Thus, we may assume that S is not empty. Consider an element c 2 C . Then .' S / c D ' Sc . Hence, .' S / c D ' Sc if and only if S D Sc, and so, the number of Galois conjugates of ' S is equal to the number of sets of the form Sc. Let T D ¹c 2 C j S D Scº. By the Fundamental Counting Principle (see [13, Theorem 1.4] ), the number of sets of the form Sc equals jC W T j. Fix an element s 2 S . If t 2 T , then st 2 S . This implies that t 2 s 1 S, and so, T Â s 1 S. We conclude that jT j Ä jS j.
We see that
If jS j D 1, then jT j D 1, and we have dim Z 2 .V / D n2 1 =1 D 2n. If jSj D 2, then either jT j D 1 or jT j D 2. If jT j D 1, then we have dim Z 2 .V / D n2 2 =1 D 4n, and if jT j D 2, then dim Z 2 .V / D n2 2 =2 D 2n. If jSj D 3, then jT j is either 1, 2, or 3. If jT j Ä 2, then we have
Notice that jT j divides jC j D n, so 3 divides n.
Finally, if jS j 4, then we have dim Z 2 .V / n2 jS j =jS j. Consider now the function f .x/ D 2 x =x. Using calculus, observe that f 0 .x/ D 2 x .xln.2/ 1/=x 2 , and so, f 0 .x/ > 0 when x > 1=ln.2/ Š 1:44. This implies that f .x/ is increasing when x 4. In particular, we have 2 jS j =jSj 2 4 =4 D 16=4 D 4, and conclude that dim Z 2 .V / 4n. This proves the first conclusion.
We now focus on the case where dim Z 2 .V / D 8n=3. Notice that we must have jT j D jSj D 3. Let P be a Sylow 3-subgroup of G. We need to show that
is the vector space over F whose basis is the basis of V viewed as a Z 2 -vector space. Recall that is the character afforded by V F , so P is the character of P afforded by the restriction of V F as a module for P . Observe that C V F .P / > 1 if and only if V F viewed as a module for P contains the principal module for P as a constituent. Since the principal module for P is a constituent of V F if and only if 1 P is a constituent of P , we conclude that the conclusion C V F .P / D 0 will follow if we can prove that 1 P is not a constituent of P .
Notice that contains as summands all the characters of the form ' Sc . Recall that S is a subset of C , so we can find an element c 2 S and then, 1 2 Sc 1 . Replacing S by Sc 1 , we may assume that 1 2 S. This implies that T Â 1 1 S D S , and so, T D S . Let c be the Frobenius automorphism of F , so c is a generator of C . Write n D 3m where m is a positive integer. It is not difficult to see that S D ¹1; .c / m ; .c / 2m º, and so,
We now consider the restriction P . We wish to show that the principal character of P is not a constituent of P . We know that if x 2 F , then x c D x 2 . It follows that
Thus, if 1 P is not a constituent of ' P .' P / .c / m .' P / .c / 2m , then 1 P will not be a constituent of ..'' .c / m ' .c / 2m / P / .c / i . To show that 1 P is not a constituent of P , it suffices to show that 1 P is not a constituent of ' P .' P / .c / m .' P / .c / 2m . By Lemma 4.7, we know that ' P D C 1 where is a faithful (linear) character of P over an extension of F . It follows that
Thus, all of the irreducible constituents of the character ' P .' P / .c / m .' P / .c / 2m have the form a 1 Ca 2 2 m Ca 3 2 2m where a 1 ; a 2 ; a 3 2 ¹˙1º. Let n 3 D 3 a , and note that this implies that m 3 D 3 a 1 . We now apply Corollary 4.5 to see that a 1 C a 2 2 m C a 3 2 2m Á a 1 C a 2 . 1/ C a 3 . 1/ 2 .mod 3 a / when m is odd, and a 1 C a 2 2 m C a 3 2 2m Á a 1 C a 2 C a 3 .mod 3 a / when m is even. This gives possible values of˙1;˙3 .mod 3 a / for a 1 C a 2 2 m C a 3 2 2m . By Corollary 4.6, we know that jP j D 3 aC1 , and so, has order 3 aC1 . It follows that a 1 Ca 2 2 m Ca 3 2 2m will not be 1 P when a > 1.
Suppose that a D 1. We see that either m is congruent to either 1 or 2 modulo 3. If m is congruent to 1 modulo 3, then 2 m Á 2 .mod 9/ and 2 2m Á 4 .mod 9/. This yields a 1 C a 2 2 m C a 3 2 2m Á a 1 C 2a 2 C 4a 3 .mod 9/, and we obtain the possible values˙3;˙5;˙7 modulo 9 for a 1 C a 2 2 m C a 3 2 2m . If m is congruent to 2 modulo 3, then 2 m Á 4 .mod 9/ and 2 2m Á 2 .mod 9/. Again we obtain the possible values˙3;˙5;˙7 modulo 9 for a 1 C a 2 2 m C a 3 2 2m . As before, we see that a 1 Ca 2 2 m Ca 3 2 2m will not be 1 P . This proves the result.
Finally, we come to the main result of this section. This proves Theorem 1.1 when p D 2 and G is nonsolvable. Proof. By way of contradiction, we assume that a counterexample G exists. We see the result holds if O 2 .G/=N is not elementary abelian by Lemma 4. 3 . Thus, we may assume that the quotient O 2 .G/=N is elementary abelian. By Lemma 4.2, every involution in G=N lies in O 2 .G/=N , and by [7, Theorem 5.5 ], there exists a 2-power q so that jN j D q 2 and a subgroup S of G so
We now prove a series of claims. This implies that q 2 divides q log 2 .q/ 2 , and we now have a contradiction since q log 2 .q/ 2 <D q 2 . Thus, Z D N , and the claim is proved.
Since we know that N < O 2 .G/, Claim 1 implies that O 2 .G/ is nonabelian. We now show that often we may assume that q > 4.
Claim 2. If jO 2 .G/ W N j > q 2 and q D 4, then the theorem is proved.
Proof. Assume q D 4 and jO 2 .G/ W N j 16. We know from [7, Corollary 2.3] that jG W N j 2 is a square. We see that jS W O 2 .G/j 2 jO 2 .G/ W N j divides jG W N j 2 . This implies that 2 16 4 D 2 7 divides jG W N j 2 . Since jG W N j 2 is a square, 2 8 divides jG W N j 2 . We conclude that jG W N j 2 2 8 D 4 4 D q 4 D jN j 2 .
We now consider subgroups A with N Ä A Ä O 2 .G/ and OEA; S Ä N . Then it follows that A is nonabelian. Let p be an odd prime divisor of jS j, and write P for a Sylow p-subgroup of S . We see that OEA; P Ä OEA; S Ä N , so P centralizes A=N . Hence, we have A D C A .P /N D C A .P /A 0 Ä C A .P /ˆ.A/ Ä A. Thus, A D C A .P /ˆ.A/, and this implies A D C A .P /. We conclude that P centralizes A which is a contradiction since PN is Frobenius group and 1 < N Ä A. Therefore, we must have A 0 D 1, and the claim is proved.
By Claim 1, O 2 .G/ is nonabelian. Observe that OEO 2 .G/; S will be a normal subgroup of G. Applying Claim 3, we see that OEO 2 .G/; S is not contained in N . Since N is the unique minimal normal subgroup of G, this implies that N < OEO 2 .G/; S. Proof. By way of contradiction, assume such a subgroup A exists. Let a 2 A n N . Observe that OEa; S Ä N , so S=N Ä C S=N .aN /. Since .G; N / is a Gagola pair, we know that jC G .a/j D jC G=N .aN /j. Because jG W S jjN j is a power of 2, this implies that C G .a/ contains a full Sylow p-subgroup for every odd prime p that divides jGj. Let p be an odd prime divisor of jGj, and let P be a Sylow p-subgroup of C G .a/. Observe that P Ä S, so P is a Sylow p-subgroup of C S .a/. It follows that C S .a/ contains a full Sylow subgroup for every odd prime, and so, C S .a/ has 2-power index in S. By [9, Satz II. 8 .28], we know that PSL 2 .q/ does not have any subgroups of 2-power index when q is a power of 2 larger than 2. Since the center of SL 2 .q/ has odd order, it follows S=O 2 .G/ Š SL 2 .q/ has no proper subgroups whose index is a power of 2, and so, we conclude that S D O 2 .G/C S .a/.
Observe that OEO 2 .G/; a Ä N . Since N is central in O 2 .G/ (by Claim 1), this implies that OEO 2 .G/; a is normal in O 2 .G/. Obviously, C S .a/ normalizes the subgroup OEO 2 .G/; a, so OEO 2 .G/; a is normal in S . Since a 6 2 N D Z.O 2 .G//, we see that OEO 2 .G/; a > 1. Because N is irreducible under the action of S , we conclude that OEO 2 .G/; a D N . Hence, the map O 2 .G/ ! N defined by x 7 ! OEx; a is onto. Since N is central in O 2 .G/, this map is a homomorphism and its kernel is C O 2 .G/ .a/. By the isomorphism theorems, we conclude that
We note that
We can view C O 2 .G/ .a/=N as a module for S=O 2 .G/. If this module has any nonprincipal constituents, then we may apply Lemma 4.8 to see that
and the theorem is proved. Thus, we may assume that OEC O 2 .G/ .a/; S Ä N .
We have C S .a/=C O 2 .G/ .a/ Š S=O 2 .G/ Š SL 2 .q/, and we have just shown that We now set M D OEO 2 .G/; S. Claim 5. The quotient M=N is a noncentral chief factor for S . Proof . Take K to be a normal subgroup of G so that N Ä K < M so that M=K is chief factor for G. Thus, M=K is central in O 2 .G/=K, and so, M=K will contain a nontrivial irreducible S=O 2 .G/-module. By Lemma 4.8, we have jM W Kj q 2 . Notice that OEK; S will be a normal subgroup of G. If N < OEK; S, then we can take N Ä L < OEK; S so that OEK; S=L is an S -chief factor. Notice that OEK; S=L will be central in O 2 .G/=L, and so, OEK; S=L will be a nonprincipal irreducible S=O 2 .G/-module. Hence, jK W N j q 2 by Lemma 4.8, and jO 2 .G/ W N j q 4 as desired. Thus, we may assume that OEK; S Ä N since N is the unique minimal normal subgroup of G. By Claim 4, this implies that K D N . This proves the claim.
Observe that O 2 .G/=M Ä Z.S=M / since OEO 2 .G/; S D M . Furthermore, we know that S D O 2 .G/S 0 since the quotient S=O 2 .G/ is perfect. On the other hand, M D OEO 2 .G/; S Ä S 0 , and so, M Ä S 0 \O 2 .G/. If S 0 \O 2 .G/ > M , then S=O 2 .G/ Š SL 2 .q/ has a nontrivial Schur multiplier by [12, Theorem 11.19] . It is known when q is a power of 2 that the only value for q where SL 2 .q/ has a nontrivial Schur multiplier is when q D 4 (see [9, Satz V.25.5] or [15] ), so we must have q D 4. We also have jO 2 .G/ W N j > q 2 , so we are done in this case by Claim 2. This proves that S 0 \ O 2 .G/ D M . Claim 6. One has jM W N j D q 2 .
Proof. If jM W N j q 4 , then jM W N j jN j 2 , and we have the result. Thus, we may assume that jM W N j < q 4 . From Claim 5, we know that M=N is a noncentral chief factor for S . This implies that M=N is central in O 2 .G/=N , and so, M=N is an irreducible, nontrivial module for S=O 2 .G/. By Lemma 4.8, we know that if jM W N j > q 2 , then jM W N j D 2 8n=3 where q D 2 n and 3 divides n. We also know that if P is a Sylow 3-subgroup of S 0 , then we have C M=N .P / D 1.
Let D=M D N S 0 =M .PM=M /. From Dickson's classification of the subgroups of SL 2 .q/ ([9, Hauptsatz I. 8 .27]), we see that D=M is a dihedral group. Thus, we may apply Lemma 4.1 to see that D=N contains an involution not in M=N , but this yields an involution in G=N that is outside O 2 .G/=N which is a contradiction. This implies that jM W N j D q 2 .
We now obtain the final contradiction. If M is abelian, then the contradiction arises from Lemma 2. 7 . Thus, M is nonabelian. This implies that M 0 D N . Since M=M 0 is a chief factor (by Claim 5), we obtain N D Z.M /. We know the exponent of M must be 4, so there exists an element x 2 M n N so that x 2 ¤ 1.
Notice that every element in xN must have order 4, since they are all conju-gate to x. We know that S acts transitively on N n ¹1º. This implies that the S -orbit of x 2 has size q 2 1. It follows that the S -orbit of xN must size at least q 2 1. Since jM=N n ¹N ºj D q 2 1 (by Claim 6), we conclude that S acts transitively on M=N . In particular, C S 0 =M .xN / D C S 0 =M .x 2 / D 1. If p is an odd prime divisor of jS j and P is a Sylow p-subgroup of S 0 , then C M=N .P / D 1.
Let D=M D N S 0 =M .PM=M /. From Dickson's classification of the subgroups of SL 2 .q/ ([9, Hauptsatz I. 8 .27]), we see that D=M is a dihedral group. Thus, we may apply Lemma 4.1 to see that D=N contains an involution not in M=N , but this yields an involution in G=N that is outside O 2 .G/=N which is a contradiction to Lemma 4.2. This the final contradiction and the theorem is proved. 5 The case: p D 2 and G solvable. Part I We now start to handle the case where p D 2 and G is solvable. Recall that a non-abelian 2-group H is a Suzuki 2-group if H has more than one involution and Aut.H / has a solvable subgroup that acts transitively on the involutions of H (see [10, Definition VIII. 7 .1]). The Suzuki 2-groups of type A are denoted by A.n; ‚/ where n is a positive integer and ‚ is a nontrivial odd-order automorphism of the field of order 2 n (see [10, Example VIII. 6.7] ). The order of A.n; ‚/ is 2 2n . We will give a more complete description of these groups in the next section.
Theorem 5.1. If .G; N / is a 2-Gagola pair where G is solvable and G is not a 2transitive Frobenius group with Frobenius kernel N , then one, and only one, of the following hold:
(1) jN j 2 Ä jG W N j 2 .
(2) There is a normal subgroup M , a subgroup K having order q, and a subgroup C D C O 2 .G/ .K/ in G that satisfy the following:
(a) when jN j D 2 6 , q D 3 and otherwise, q is a Zsigmondy prime divisor of
Proof. By Lemma 4.3, we have the first conclusion if O 2 .G/=N is not elementary abelian. Thus, we may assume O 2 .G/=N is elementary abelian. If G is 2-closed, then we may use Lemma 2.4 to see that .O 2 .G/; N / is a Camina pair. Since O 2 .G/=N is abelian, we may use Lemma 2.5 to see that jO 2 .G/ W N j jN j 2 , and this gives the first conclusion. Thus, we may assume G is not 2-closed.
Let H be a Hall 2-complement of G. Write a for the positive integer so that jN j D 2 a . If jN j 1 D 2 a 1 has a Zsigmondy prime divisor q, then let K D K be the subgroup of H of order q. Otherwise, a D 6 and jN j D 2 6 , and we take K to be the subgroup of H of order 3 and K to be the subgroup of H order 9.
By Lemma 3.1, we know that G=O 2 .G/ Ä .N /, and so, O 2 .G/K is normal in G. Applying Lemma 2.6, we can find M so that N < M Ä OEO 2 .G/; K with M normal in G and M=N a chief factor of G. By Fitting's theorem, we have that
Notice since M=N Ä OEO 2 .G/; KN=N that the action of K on M=N is fixed point free, so K M=N is a Frobenius group. In addition, by Maschke's theorem M=N will be a direct sum of irreducible K -modules. Let V be an irreducible K -submodule of M=N . We know jV j D 2 b for some positive integer. Notice that VK will be a Frobenius group. Thus, jK j divides 2 b 1, and so, b a.
We conclude that jV j D 2 b 2 a D jN j. If M=N is not irreducible under the action of K , then jN j 2 Ä jM W N j and we have conclusion (1). We assume M=N is irreducible under the action of K . Notice that M=N will be a faithful K -module. By [21, Example 2.7], we know that all faithful, irreducible modules for K in characteristic 2 have the same size, so jM W N j D jN j. Also, if M < OEO 2 .G/; K, then OEO 2 .G/; K=M will contain a faithful, irreducible K -submodule, so jN j Ä jOEO 2 .G/; K W M j. This implies jN j 2 Ä jP W N j where P is a Sylow 2-subgroup of G, and we have conclusion (1). Hence, we may assume M D OEO 2 .G/; K. We obtain O 2 .G/ D M C O 2 .G/ .K/ and by the Frattini argu-
If M is abelian, then we obtain conclusion (1) by Lemma 2. 7 .
We now assume that M is not abelian, and we show that G satisfies conclusion (2). Because N is minimal normal in G, this implies that It follows that G D MN G .K/ normalizes C B .K/. Since N is the unique minimal normal subgroup of G, this implies that C B .K/ D 1 and B D OEB; K D N . In particular, G=N is isomorphic to a subgroup of the automorphism group of M . Let X be any subgroup of H of prime order. Since H has odd order, we know that X is normal in H by either [9, Satz V. 8.18 (b) ] or [13, Theorem 6.19 ], so K centralizes X. In particular, K normalizes C M .X /. Since M=N is irreducible under the action of K , we have either [4, Lemma 4.3] . Hence, C M .X/ Ä N , and since C N .X/ D 1, we have C M .X / D 1. In particular, this implies that HM is a Frobenius group, and so,
We conclude that N G .K/ is isomorphic to a subgroup of the automorphism group of M . Since G is not 2-closed, we have that jN G .K/=C j 2 > 1.
Since jM W N j D jN j D jH jC1, we see that H acts transitively on M=N n¹N º. Because M is not abelian, there exists an element m 2 M n N of order 4. It is easy to see that every element in the coset mN will have order 4 since N D Z.M / and N is elementary abelian. As H acts transitively on M=N n ¹N º, every element in M n N has order 4. It follows that N contains all the involutions in M . Since H acts transitively on N n ¹1º, we see that H acts transitively on the involutions of M . We deduce that M is a Suzuki 2-group. By [10, Theorem VIII. 7.9] , M has type A as defined in [10, Section VIII.6] .
Because N is central in M and elementary abelian, the map bN 7 ! b 2 is a welldefined function from M=N to N . Notice that if h 2 H , then bN h D b h N and .b 2 / h D .b h / 2 , so the action of H commutes with this function. Since H is acting transitively on both N n ¹1º and M=N n ¹N º and both sets have the same size, it follows that the function must be a bijection.
Suppose
Consider an element g 2 C G .x/. We can write g D mc where m 2 M and c 2 N G .K/. We know that 1 D OEg; x D OEmc; x D OEm; x c OEc; x, and this implies that OEm; x c D OEc; x 1 . We have OEm; x c 2 M and OEc; x 1 2 N G .K/. We deduce that OEm; x c D OEc; x 1 lies in N G .K/ \ M D 1, and so OEm; x D OEc; x D 1, and thus, m 2 C M .x/ and
A similar argument shows that
Making the observation that C 
Automorphisms of Suzuki groups
In order to finish the proof of Theorem 1.4 we need to show that the groups found conclusion (2) of Theorem 5.1 do not have all the properties needed to make G a Gagola group, and to do this we compute the automorphism group of a Suzuki 2-group of type A and how it acts on the group. There are two papers in Russian which we found in translation that address the automorphism groups of Suzuki 2-groups of type A. The first, [3] , computes the Sylow 2-subgroup of a quotient of the automorphism group. In particular, it is shown in that paper that the Sylow 2-subgroup of the quotient of the automorphism group by its centralizer of the center of the Suzuki group is cyclic. This fact is used to show that the automorphism group is solvable.
The second one, [16] , finds three subgroups of the automorphism group. We will discuss the three subgroups later. They then prove results for an analog of the Suzuki 2-groups for odd primes. They mention that they consider odd primes so that they do not need the "subtle considerations needed in the case of p D 2."
We now recall the structure of a Suzuki 2-group of type A. Following [10, Section VIII.6], M is isomorphic to A.n; ‚/ where ‚ is a nontrivial automorphism having odd order of the field F D GF.2 n /. We can write the elements of M as It is not difficult to show that jA 1 j D 2 n 2 . (Each of the n basis elements of F can be sent to any element of F .) Also, we see that jA 2 j D 2 n 1 and jA 3 j D n. and since the map a 7 ! . .a // 1 is a linear transformation of F , we have
and so, .' x / ' D ' x 1 2 A 2 . We conclude that A 2 and A 3 both normalize A 1 and that A 3 normalizes A 2 . We note that A 2 A 3 is isomorphic to .N / where A 2 corresponds to o .N /.
We now work to prove that Aut.M / D A 1 A 2 A 3 . We begin with a general lemma about the automorphisms of M . Note that in this lemma, we do not prove that g is a linear transformation, we only prove the weak condition on g that g.0/ D 0. We need the extra condition that h.‚.a 1 /a 2 / D ‚.f .a 1 //f .a 2 / for all a 1 ; a 2 2 F in order to obtain the conclusion that g is in fact a linear transformation. Since ' is an automorphism, this yields
If ‚.f .a 1 //f .a 2 / D h.‚.a 1 /a 2 /, then g.a 1 Ca 2 / D g.a 1 /Cg.a 2 /, and we conclude that g is a linear transformation.
This next fact is [10, Theorem VIII. 6.9 (b) ]. Lemma 6.2. Let F be a field of order 2 n and let ‚ be an automorphism of F of order l where l is an odd integer. Then the map a 7 ! a‚.a/ is a bijection of F .
We now consider the subgroup A 1 in Aut.M /. Lemma 6. 3 . Let M be the Suzuki 2-group A.n; ‚/ with notation as above. This next theorem encodes the result proved in [3, pp. 11-12] . This is the key argument in proving [3, Theorem 2] which is that the automorphism group of a Suzuki 2-group of type A is solvable. Theorem 6. 4 . Let M be the Suzuki 2-group A.n; ‚/ with notation as above. Then a Sylow 2-subgroup of Aut.M /=C Aut.M / .N / is cyclic of order n 2 .
Proof. It is obvious that
We now prove the desired result. Our intuition is that this has been proved before, but we cannot find any reference where it is explicitly computed. Theorem 6. 5 . Let M be the Suzuki 2-group A.n; ‚/ with notation as above. Then
Proof. We define the map W Aut.M / ! Aut.N / by .'/ is the restriction of ' to N . It is obvious that the map is a homomorphism. We note that ' 2 ker if and only if ' N D 1 N and this occurs if and only if ' centralizes N . Thus, ker D C Aut.M / .N /. We have C Aut.M / .N / D A 1 by Lemma 6. 3 . We conclude that ker D A 1 .
We know Aut.M / is solvable by [3, Theorem 2], so .Aut.M // Š Aut.M /=A 1 is solvable. Let X be a Hall 2-complement of .Aut.M //. We know that X acts transitively on the nonidentity elements of N . By [10, Theorem VIII. 3.5] , we see that X is isomorphic to a subgroup of the affine group of N . In particular, we have that jX j Ä .2 n 1/n 2 0 . We saw in Theorem 6.4 that j .Aut.M //j 2 D n 2 , and so, j .Aut.M //j Ä .2 n 1/n. In particular, we have jAut.M / W A 1 j Ä .2 n 1/n. On the other hand, we have A 2 A 3 \ A 1 D 1 and jA 2 A 3 j D .2 n 1/n. It follows that Aut.M /=A 1 Š A 2 A 3 , and hence, Aut
Notice that if M is a Suzuki 2-group of the form A.n; ‚/, then jAut.M /j is equal to 2 n 2 .2 n 1/n. Also, we have proved that the derived length and the Fitting height of M is at most 3. It is not much additional work to show that in fact these parameters actually both equal 3.
Proof.
We have that p m D 1 C q e a where a is a positive integer not divisible by q. By the Binomial Theorem, p mq D .1Cq e a/ q D 1Cq eC1 aCb where b is divisible by q 2e , and so, p mq 1 D q eC1 aCb. It follows that q eC1 divides p mq 1, and so, q eC1 Ä .p mq 1/ q . If e 2, then q eC2 divides q 2e which divides b, and since q does not divide a, it follows that q eC2 does not divide p mq 1, and so, we have equality.
We now apply this to obtain a general result about subgroups of semi-linear groups in even characteristic.
Lemma 7.2. Let V be an elementary abelian group of order 2 n . Let H be a subgroup of .V / of order 2 n 1 that acts transitively on V n ¹1º. If d is a nontrivial prime power that divides n, then H \ o .V / contains an element of order 2 d 1.
Proof. Since o .V / is cyclic, it suffices to show that H \ o .V / contains an element of order .2 d 1/ r for every prime r that divides 2 d 1. Fix a prime divisor r of 2 d 1. Observe that VH is a Frobenius group, and so, H is a Frobenius complement.
Let p be the prime so that d is a power of p. We know that 2 d Á 1 .mod r/, so the order of 2 modulo r must be a power of p. This implies that p divides r 1, and so, r does not divide d . If we write n D r a m where a is a positive integer and r does not divide m, then we conclude that 2 d 1 will divide 2 m 1. In particular, r divides 2 m 1. By Lemma 7.1, we have that .2 n 1/ r .2 m 1/ r r a with equality occurring if r 2 divides 2 m 1. This implies that .2 n 1/ r n r D Since H is a Frobenius complement, we know that R \ H is cyclic, and so, R \ o .V / contains an element of order .2 d 1/ r , and this yields the desired conclusion.
We now start to apply the results of the previous section to the context of groups that satisfy conclusion (2) of Theorem 5.1. We begin by determining more information about the elements of A 1 that commute with elements of A 2 . Since the elements of C commute with K and the image of K is conjugate to a subgroup of A 2 , this can be viewed as describing the image of C in Aut.M /. Lemma 7. 3 . Let M be the Suzuki 2-group A.n; ‚/ with notation as above, and let x 2 F n ¹0º. If 1 ¤ ' 2 C A 1 .' x /, then there is a positive integer j so that x‚.x/ D x 2 j :
Proof. Recall that in Section 6, we showed that Since .a/ ¤ 0, we conclude that x‚.x/ is a root of f .y/, and thus, x‚.x/ D x 2 j for some positive integer j . and we know that P is a Sylow 2-subgroup of Aut.M /. Since will normalize hxi, it follows that ' will normalize h' x i. Hence, ' will normalize A 1 h' x i. Let A D P h' x i. We conclude that
It follows that a Sylow 2-subgroup of N Aut.M / .h .g/i/ is conjugate to a subgroup of h' i. We next observe that N N G .K/ .hgi/ is isomorphic to a subgroup of N Aut.M / .h .g/i/. Since N N G .K/ .hgi/ contains a nontrivial Sylow 2-subgroup, it contains an element that maps to a nontrivial power of ' . However, ' centralizes elements of M outside of N , and thus, N G .K/ contains an element that centralizes elements of M outside of N . This is a contradiction of conclusion (2) of Theorem 5.1.
We use the previous result to prove the following. This is also an exercise in congruences.
Corollary 7. 6 . Let M be the Suzuki 2-group A.n; ‚/ with notation as above and let .G; N / be as in the conclusion (2) of Theorem 5. 1 . Suppose ‚ has order l, n D kl, and ‚.a/ D a 2 h for all elements a 2 F and for some positive integer h. If d divides n and does not divide k, then C G .K/ does not contain a subgroup of order 2 d 1.
Proof. We assume that d divides n and does not divide k. When n D 6, it suffices to assume that d D 3 since we must have l D 3 and k D 2 implies that d D 3 or d D 6. However, if we can prove that C G .K/ has no element of order 2 3 1 D 7, then it will contain no element of order 2 6 1 D 63. Thus, if n D 6, we further assume that d D 3.
Let ƒ W F ! F be the Galois automorphism of F so ƒ.a/ D a 2 . It is well known that ƒ has order n, and it is easy to see that ‚ D ƒ h . By [11, Lemma 2.6], we see that h‚i D hƒ k i. It follows that gcd.h; n/ D k (see [11, proof of Theorem 2.10]), so d does not divide h. Observe that d is the order of 2 modulo 2 d 1.
It follows that 2 h Š 2 h 0 .mod 2 d 1/ where h 0 is the remainder upon dividing h by d , and so 1 Ä h 0 < d . Now, 2 h 0 C 1 will not be congruent to 2 j modulo 2 d 1 for all integers j with 0 Ä j < d since both 2 h 0 C 1 and 2 j are less than 2 d 1 and not equal. We conclude that 2 h C 1 is not congruent modulo 2 d 1 to any power of 2.
